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Abstract—The three-user multiple-input multiple-output in-
terference channel under i.i.d. fading is studied, where the
transmitters have the delayed channel state information. The
case where all transmitters and all receivers are equipped with
M and N antennas, respectively, is considered. For this case,
a new transmission scheme is proposed that achieves a number
of degrees of freedom higher than previously reported for the
range of 3/4 < M/N < 1, where the parameters of the scheme
are determined as functions of the ratio M /N. The degrees of
freedom gains compared to the previous approaches are due to
the more effective use of transmit and receive antennas.

I. INTRODUCTION

The number of degrees of freedom (DoF) is a performance
measure which characterizes the capacity behaviour of a
communication system in high signal-to-noise ratio (SNR)
regime. For the single-input single-output (SISO) interference
channel (IC), the number of DoF has been achieved using
a technique named interference alignment (IA) [1]. However,
IA requires perfect channel state information at transmitters
(CSIT) for current and future time slots, which is an unrealistic
assumption.

In absence of instantaneous CSIT and under i.i.d. fading, the
number of DoF of the SISO IC as well as of the multiple-input
single-output (MISO) broadcast channel (BC) is one for any
network size [2]. However, [3] has shown that for the MISO
BC the number of DoF is greater than one if the transmitters
obtain the delayed CSIT through feedback from the receivers.
The DoF gains are achieved by splitting the transmission into
multiple phases, where in each phase the delayed CSIT of the
previous phase is employed for transmission. The approach
proposed in [3] has been shown to be also applicable to SISO
IC in [4] and [5], where achievable numbers of DoF greater
than one have been reported. For the three-user SISO IC, [4]
has shown that the number of DoF of 9/8 is achievable. This
result has been later improved to 36/31 DoF in [5].

Employing multiple antennas at transmitters and receivers is
known to increase the number of DoF of the IC as compared
to the SISO case when the instantaneous CSIT is available
[6]. A similar DoF analysis has been performed for the
case when the CSIT is delayed in [7]. In [7], the three-
user multiple-input multiple-output (MIMO) IC scenario is
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considered, where the transmitters and receivers are equipped
with M and N antennas, respectively. [7] shows that in
such a network, different transmission schemes provide higher
number of DoF for different antenna setups characterized by
the ratio M/N. For the regions of 1/2 < M/N < 31/32
and 31/32 < M/N < 18/13, Torrellas et al. [7] propose
two MIMO transmission schemes, which are based on the
transmission schemes for the three-user SISO IC described in
[4] and [5], respectively. For the scheme based on the scheme
described in [5], a limitation for the transmitters and receivers
to use only min {M, N} antennas is used.

In this paper, we consider the three-user MIMO IC scenario,
which is identical to the one considered in [7]. We propose a
new transmission scheme which achieves the number of DoF
greater than reported in [7] in the region of 3/4 < M/N < 1.
The proposed transmission scheme is based on the SISO
transmission scheme described in [5]. However, in contrast
to [7], we omit the assumption of using only min{M, N}
antennas at the transmitters and receivers and derive the
parameters of the transmission scheme as functions of the ratio
M /N, which allows to achieve higher number of DoF.

The the rest of the paper is organized as follows. Section II
describes the system model. Section III describes the proposed
transmission scheme and gives performance results.

II. SYSTEM MODEL

We consider a three-user MIMO IC scenario as depicted in
Fig. 1. Each transmitter Tx; has M antennas and each receiver
Rx; has N antennas, ¢ € {1,2,3}. The communication period
spans 1" time slots, during which each transmitter Tx; intends
to communicate a data vector comprised of b; symbols u; €
CP1*1 to its corresponding receiver Rx;.

Let Hj; (t) € CV*M be the channel matrix between Tx;
and Rx;, in time slot ¢, 1 < ¢t < T, Vi,j € {1,2,3}.
All channel entries are randomly drawn from a continuous
complex distribution and are identically and independent dis-
tributed (i.i.d.) across antennas and time, as well as across
different transmitter and receiver pairs. It is supposed that each
receiver has the instantaneous global channel knowledge, i.e.
in time slot ¢, 1 < t < T, each receiver has access to the
set of channel matrices {H;; (7)}._,, Vi,j € {1,2,3}. Each
transmitter obtains the global channel knowledge with a single
time slot delay, i.e. in time slot ¢, 2 < ¢ < T it has access
to the set of channel matrices {H; (7)}.ZY, V4,5 € {1,2,3}.
We further refer to these assumptions as delayed CSIT.

The transmission is split into three phases, where two types
of processing are applied for the transmission. Firsly, the
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Fig. 1.

The three-user MIMO IC

signals to be transmitted are generated recursively using the
delayed CSIT of the previous phases. Secondly, additional lin-
ear precoding is applied, which does not depend on CSIT and
is done randomly. The random precoding is performed jointly
over multiple time slots, where a jointly encoded transmission
is called a transmission block. Each phase is comprised of
multiple transmission blocks, which have identical transmis-
sion parameters, but correspond to different transmitted data.

In each transmission block of phase i, i € {1,2,3}, a
subset of the transmitters is scheduled for transmission, where
according to the methodology of [5], in phases 1 and 3 all
transmitters transmit simultaneously and in phase 2 only two
transmitters are scheduled for transmission. Per transmission
block, each of the scheduled transmitters transmits b symbols
in T/ time slots, where in total by, symbols are transmitted
by all transmitters. After transmission in phase i, i € {1,2},
terms to be transmitted in phase 7 4+ 1 are generated using
the delayed CSIT of phase ¢, where in total ¢y, terms are
generated per transmission block at all transmitters.

The number k; of the transmission blocks of phase j, j €
{1,2,3}, is to be chosen such that the total number k;qjs, of
the terms generated after phase ¢ is equal to the total number
kit1bi, .5, of the terms transmitted phase (i 4 1), i € {1,2},
i.e. the values k; are to be chosen, such that the equalities

kigis, = kiy1bj 15,1 € {1,2} 1)

hold. In such a case, each transmitter transmits b; = k;b}y, /3
terms in the i-th phase, ¢ € {1,2,3}. The overall duration of
the i-th phase is T; = k; T} time slots, with the total duration
of the transmission 1" = ZZ 1 T time slots. We describe each
phase by only specifying the structure of a single transmission
block and the number of the transmission blocks.

Let us consider the k-th transmission block of phase 1, 1 <
k < kj. The transmission of the block spans the T} time slots
(k= 1)T] +1 < t < KT}. Let uf}) € C%*! be the data
vector to be transmitted during the k-th transmission block of
phase 1 by Tx;, i € {1,2,3}. Let x; (t) € CM*1 be the signal
transmitted by Tx; from its M antennas in time slot ¢. The
precoding of the signal u%) in time slot ¢ is described by the

matrix multiplication x; (t) = Cp; (t) ufﬁ), where Cp; (1) €
CMxb1 s the precoding matrix in time slot ¢. The elements

of the precoding matrix are randomly taken from a continuous
distribution and are mutually independent.

Let us denote the overall precoding matrix used by Tx; for
the k-th transmission block of phase 1 as

k T T T ro 1
Cfi]) - [C[i] (k—=1T{+1) ,..,Cp (kT}) | € CMTixbr,
(2)

Here, for decodability of the transmitted data the inequality
b, < MT] 3)

is to be fulfilled. Let us denote by xgl’“) the concatenation

of the signal vectors transmitted by Tx; during the x-th
transmission block of phase I, 1 < k < ki, | € {1,2,3}.
For the k-th transmission block of phase 1, the concatenation
is described as

T ’
KM = [ (b= )T+ 1) i (RT)] € CMTE,
4
which is calculated as
(Lk) _ (k) (k)
x; = C[i] up, 5)

The transmitted vector xgl’k)

%,E [xl(_l,k)Hxl(_l,k)}

is subject to the average power

constraint T < P, where P is the maximum
transmit power.

Let yg ") be the concatenation of the signal vectors received
in the k-th transmission block of phase I by Rx;, 1 < k <
ki, j,1 € {1,2,3}. We define the concatenation of the signal

vectors received in the k-th transmission block of phase 1 as

T
i = lyi (= DT+ )Ty RT)T] e TV,

(6)
where y; (t) corresponds to the signal received in time slot ¢.
Let Hg-li’m) € CNTixMTi pe the channel matrix between Tx;
and RXJ- in the k-th transmission block of phase [, 1 < k < ki,
i,7,1 € {1,2,3}. The channel matrix corresponding to the k-th
transmission block of phase 1 has the following block diagonal
structure:

Hj; (k—1)T7 + 1) 0
HY = NG
0 H;; (kT7)

Let n(l ® o CN (O INT/) be the additive white Gaussian
noise Vector at Rx; in the x-th transmission block of phase
I, 1 < k < Kk, ! € {1,2,3}. The channel input-output
relationship for the k-th transmission block of phase 1 is

1k) ZH(lk [Z] ]) n;l,k)' @)

Due to the focus of the paper on the DoF analysis, the noise
term will be further omitted throughout the paper. Precoding
and transmission of the transmission blocks of phases 2 and
3 are similar to the ones described by (5) and (8).

We say that the number of DoF d = 3by/T is achievable
in the interference channel if b; symbols transmitted by each
transmitter Tx; to its corresponding receiver Rx;, i € {1, 2, 3},
during the overall communication period of 7' time slots are
decodable with probability one.
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III. PROPOSED TRANSMISSION SCHEME

In this section, the proposed transmission scheme is de-
scribed. In the first three subsections, we describe the trans-
mission blocks for each phase of the scheme. In the last
subsection, we determine the numbers of the transmission
blocks and calculate the achieved number of DoF.

A. First Phase

In phase 1, the original data symbols are transmitted. All
transmitters are scheduled to transmit simultaneously, where
each transmitter transmits a data vector of b} symbols per
single transmission block in 77 time slots.

Let us consider the signal received by Rx; during the k-th
transmission block, 1 < k < ky, which is calculated as

3
g = S HEI O ©
i=1

Let us consider the interference term H§§=k>cf§>uf§]> of

Txo. The channel matrix H%’k) and the precoding matrix

Cg]) are distributed independently, thereby the TyN x b}

matrix H{;" C[}) is almost surely full rank with (T{N — b)-
dimensional left null space. It means that almost surely, there
exists a full rank matrix W{,* € CTINXTIN=b} for which

W(l k)HH(l k)c(k) _ OT/N vy,

2] (10)

holds. In (10), the columns of the matrix W§2 ") are linearly

independent vectors lying in the left null space of Hglz k) Cg])

Let us denote by wgl ") the &-th column of the matrix

W% Mo1< E<T|N— b’ . By projecting the received vector
ygl’k) onto w%’?, Rx; will cancel the signal of the interferer

Txo and will obtain

1,k)H_ (1,k 1,k)Hyr(1,k
W§2 g) 35 )= Wgzg) IIgl )Cfu) El])
1,k)Hyy(1,k) ~(k). (K
Wgz,g) H§3 )Cfg])ufg]). (11)

The sum of (11) is comprised of a linear combination of u(f]),

which is a signal useful for Rx;, and a linear combination
of u'®), which is an interference term remaining at Rx;. The

(31>
remaining interference term w%’jz)HH%’k)Cfg)u%)

for both Rx; and Rx3 as follows:

is useful

e it can be subtracted from w§12 Iz)Hygl k)

W%?HHﬁ k)C( ) ( ), which is a term useful for Rx;;

e it is a term usefuf for RX3.

to recover

We further use the notation of order-2 symbols described in
[3], where the order-2 symbol is a term which is useful for two
receivers simultaneously. We denote by ufllz the order-2
symbol, which is desired by both Rx; and Rx;, and is available
at Tx;, ¢ # 4,1 € {i,5}, 1 < & < TyN — V). From (11), the
following order-2 symbol is generated:

(1) (LOHE D G0 ()

Uisfa).e = Wize i3] Y] - (12)

Similarly, Rx; can cancel the signal of the interferer Txs
and obtain the order 2-symbol

(®) g (LOHE (LR o) )

Upgii,21,e = Wize Hiz Gy, (13)

where w§3’ ) is the &-th column of the matrix W%’k), for
which the equality W%’k)HH%’k)CEk]) — O7/n 1 xp;, holds.
By projecting the received signal vector onto all avallable
vectors Wy, and W%?, 1 < & < T{N — V), the sets

T|N -0, T{N ¥

177 and {um1 2, £} v
will be generated, respectively. We further assume TblN > ;,
which ensures all generated order-2 symbols are non-zero
values almost surely. By applymg similar processmg, the sets

T/N-b} TNV,
of order-2 symbols {u[l‘l 2, el ' and {u[3‘2 3, cteld

will be generated from the remalmng interference terms at

T{N—V, T{N—V
Rxo, and the sets {u (1,3], cfely  and {u[Q‘2 3, ctelt

will be generated from the remaining interference terms at
Rxg. This results in overall ¢y, = 6(TYN — b}) order-2
symbols generated per transmission block.

Let us consider the decodability requirement of the data
vector u(f ) at Rx;. Out of the available six order-2 symbol
sets, there are four sets which can provide Rx; with linear
combinations of uff]), resulting in 4 (T{ N — b)) terms in total.

It is possible for Rx; to decode uff]) only if the number of

the obtained linear combinations is greater than or equal to
the number of the desired unknowns, i.e. 4 (TN — b)) > b},
which can be rewritten as

of order-2 symbols {u[g‘l 3.edett

by 4
TIN < £ (14)
Due to the transmission symmetry among Tx;, Txs and Txs,
identical decodability requirements hold for Rxy and Rxs.

Further, depending on the ratio M /N, we consider two
cases, which differ in the way the transmission blocks are
designed. In each case, the decodability requirements of (3)
and (14) override each other, thus only one of them has
to be satisfied. The first case corresponds to the region of
M/N > 4/5, where only (14) has to be fulfilled. In such a
case, in order to maximize the amount of the transmitted data,
the transmitters adjust b} and 77 such that T, = 4 holds. The
second case corresponds to the region of M /N < 4/5, where
only (3) has to be fulfilled. Here, in order to maximize the
amount of the transmitted data, the transmitters set b} = MT7.
In this case, the number of linear combinations obtained
by each receiver exceeds the number of desired unknowns,
thereby only b} /4 = MT]/4 order-2 symbols are necessary
to be retransmitted from each order-2 symbol set to ensure
decodability. The aforementioned two cases will be treated by
two transmission schemes denoted as Scheme 1 and Scheme
2, respectively, which will be introduced next. For the case of
M/N = 4/5, Scheme 2 will be applied. Due to the results on
the achievable DoF already available in the literature [7], we
will focus on the region of

3/4< M/N < 1. (15)
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Scheme 1: (4/5 < M/N < 1) ,

We choose b} = 4N and T = 5 which ensures Tb—lN = %.
This results in overall b}y, = 12N symbols transmitted and
¢is. = 6N order-2 symbols generated per transmission block.
The linear independence of the useful linear combinations
obtained by each receiver can be shown using the proof similar
to the one described in [5], however due to the lack of space
it is omitted in the paper.

Scheme 2: (3/4 < M/N < 4/5)

We choose 7] = 4 and b} = 4M and take the first
MT{/4 = M elements from each order-2 symbol set for
retransmission in phase 2. This results in overall b}y, = 12M
symbols transmitted and ¢;5, = 6 order-2 symbols generated
per transmission block. Similarly, the proof of the linear
independence is omitted here due to space limitation.

B. Second Phase

In phase 2, the order-2 symbols generated in phase 1 are
transmitted. The transmitters are scheduled to transmit simul-
taneously in pairs, where each of the scheduled transmitters
transmits b order-2 symbols per single transmission block
in Ty time slots. Both of the scheduled transmitters transmit
order-2 symbols useful for the same pair of receivers, i.e. Tx;
and Tx; transmit order-2 symbols useful for both Rx; and Rx;,
1<4,j<3,i#j.

Let us consider the k-th transmission block, 1 < k < ko,
where Tx; and Tx, are scheduled for the transmission. Both
transmitters transmit the order-2 symbols that are simultane-
ously useful for both Rx; and Rxy. The order-2 symbols to be
transmitted by Tx; and Txy constitute two bj-element vectors

uff ‘)172] and U—f2|)1 9] for which the random precoding matrices

Cff ‘)1 2] Cg‘)l 5 € TiM x bl, are used, respectively. After the
transmission, both Rx; and Rx, obtain T4N linear combi-

nazz)ons of ufl‘)m] and uf2\)172] To decode both ufll)l 3] and

Uy ) Rx; and Rxy miss yet 2b, — T4 N linear combinations.
Let us consider the signal received at Rxs,

) VO, iy + HEV )

(11,2 Y1)1,2] , (16)

[211,2] [2\1 2]
which is a sum of two interference terms. Similarly to phase

1, we define the matrices W( *) and Wé%’k), for which
2,k)Hpy(2,k
wTHE )Cfl\)l o) = 07y N by, x by

W(2 k)HH(2 k)Cg')l o = OT’Nfb/ X (17)

hold. Let us denote by Wz(n E) and wg2 f) 1<ELSTHN — b,
the ¢-th columns of the matrices W7’ k) and W(22 k), re-
spectively. By projecting the received signal onto w321’]2) and
ng’ﬂz), Rx3 will get the linear combinations which contain
order-2 symbols transmitted by only a single transmitter:

(2RH(2k) _ O (2R HEp(20) ~(R) (k)

sie Y3 =Wy Hgy 0[2\1 2] [2|1,2]7 (18)
wBRHO(2k) _ (2R gy 2 k)C (k) k)

Ws3ae Y3 W32 ¢ (11,21 11,20

We further use the notation of order-(2,1) symbols used in
[5], where the order-(2,1) symbol is a term which is desired by

two receivers and overheard at a single unintended receiver.

We denote by uflk‘;7);177:2§j]7£ the order-(2,1) symbol, which is
desired by Rx;, and Rx;,, available at Tx;, and is known at
RXJ', 1< il,ig,l,j <3,i1 7§ 19 7§ 7 l e {il,ig}. From (18),
the following order-(2,1) symbols are generated:

u®) (ZRHE 2R (k) (F)
EQH ke W?l 1§> H( k)c%l 2 %2';"2]’
2,k)H 2
Yy1,2;3).¢ = Wi H; C[1|1 2112
By projecting yé ) onto all available Vectors w( ’5) and
(2,k) TN bl
Waa¢ [2]1,2;3], g}g 1

will be generated, respectively. We

19)

the sets of order-(2,1) symbols {u
and {u[l\l 23], g}gT JI[ &
assume J\%, > 1 holds, which ensures all generated order-
2,1) symbols are non-zero values almost surely. Given the
sets delivered to both Rx; and Rxs, each of the receivers
will obtain additional 2 (TyN — b}) linear combinations of

uff ‘)172] and ufg‘)l 5 It is possible for Rx; and Rxy to decode
both u)  and u' only if the number of the linear

. 11,2 \1 2
combinations provided to Rx; and Rx, is greater than or

equal to the number of the missing linear combinations, i.e.
2 (TyN — b)) > 2b,, — Ty N, which can be rewritten as
b 3
TN — 4
Due to the limitation of (15), the requirement of (20)
overrides the requirement of (3). To maximize the amount of
the transmitted data, we choose by = 3N and T; = 4, which
ensures TZ"’N = %. This results in overall by, = 6N order-
2 symbols transmitted and ¢by, = 2N order-(2,1) symbols
generated per transmission block. Similarly to phase 1, the
proof of the linear independence of the linear combinations
of the order-2 symbols obtained by Rx; and Rx, is omitted.
All transmitter pairs use transmission blocks with identical
parameters b5 and Tj. The transmission blocks of Scheme 1
and Scheme 2 use identical values of b, and Tj.

C. Third Phase

In phase 3, the order-(2,1) symbols generated in phase
2 are transmitted, where all transmitters are scheduled to
transmit simultaneously. Each transmitter transmits b} order-
(2,1) symbols comprised of two bj/2-element vectors per
single transmission block in T4 time slots. Let us consider
the k-th transmission block, 1 < k < k3. The order-(2,1)
symbols transmitted by Tx;, Txo and Txs constitute six

(20)

( () (k)

Vezctors W23 U,z Y21,2:3)0 Yej2,3:1) u[3|1-,3(;k2)} and

[3‘2 3:1]° prec;;oded usin% random matrices C[1I1,2;3}’ C[1\1,3;2]’
C(2|)2 3;1)° CE3\)1 3;2] and C 2 3.1 , respectively.

11,2;3]° 3
LLet us con51der the mgnal recelveci y Rxl, which is

(3,k) _ 17(3,k) (k) (k) (k) (k)
yi o =Hy (C[m 23 U123 T Clifiai U, 3-2]) +

® L ® K ®
(C [2/1,2:3] [2\1 23] T Cpa2,3:1)U2)2,3; 1]) +

(k) (k) (k) u®
C3|132 )

3, k
H§2

(3 k)
[3\1 320 T C32,3.1)W32,3:1]

21
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TABLE I
SUMMARY OF SCHEME 1 AND SCHEME 2
Phase 1 Phase 2 Phase 3
M/N by T bis | dis k1 b T bys | dbx k2 by T3 by, ks d
4/5 < % <1 AN 5 12N 6N 3 3N 4 6N 2N 3 2N 4 6N 1 36N/31
M IMN
3/a<M<a/s | aM | 4 | 12M | 6M | BN | 3N | 4 | 6N | 2N | 3M | 2N | 4 | 6N | M | ;M-
Since Rx; possess the knowledge about the vectors uf§|)2.3:1] 044
(k) . (3,k) .. : -L
and W 597> 1t can(:;lbtract t(l}:):m from y; (k). The remaining T S
i 0.427 # 1
vectors Wi 0. Wt 2,3 Wa(1,3:2) and W37 3.0 contain the *‘r
terms desired by Rx;, comprising in total 2b5 unknowns. -
The number of the useful linear combinations available to 04¢ * |
. . . -' N
Rx; is equal to the size of the vector y§3’k), which equals T4 N. # 7
i i . ~[%0.38} - K
It is possible for Rx; to decode all desired unknowns only ’ ,—-V- V- -V-N-V--V“
if the number of the available linear combinations is greater 0361 g |
than or equal to the number of the desired unknowns, i.e. ,{ _Z-m;scheme based on 9/8 DOF scheme [4]
TéN > 2b%, which can be rewritten as 034 ,/ = A =[7]: Scheme based on 36/31 DOF scheme [5] ||
, ’ Proposed scheme
b 1 - =%— Outer bound (23)
2 < (22) 0.32 ‘ ‘ ‘ ‘
TN — 2 0.5 0.6 0.7 0.8 0.9 1

Due to the symmetry of the transmission among Tx;, Tx2 and
Txs, identical decodability requirements hold for the receivers
Rxy and Rxs. Similarly to phase 2, the requirement of (22)
overrides the requirement of (3) due to the limitation of (15).
To maximize the amount of the transmitted d/ata, we choose
by = 2N and Tj = 4, which ensures -2 = L. This
results in overall b4y, = 6N order-(2,1) symfjols transmitted
per transmission block. Transmission blocks of Scheme 1 and

Scheme 2 use identical values of b and Tj.

D. Achieved Number of DoF

The numbers of the transmission blocks of the i-th phase
ki, i € {1,2,3}, are chosen according to (1). Each receiver
will recover useful order-(2,1) symbols and will use them to
decode useful order-2 symbols, which in turn will be used
to decode the original data symbols. The achieved number of
DoF can then be calculated as d = %. The parameters
of Scheme 1 and Scheme 2 and the achieved number of DoF
are summarized in Table I.

The achieved number of DoF is compared to the one of [7]
in Fig. 2, where the normalized number of DoF % is plotted
as a function of M /N. Additionally, we plot an outer bound

3 3 o M
d 7 if 1 S N S 17
outer — (23)
3N M qploM 3

M+N> 2 — N 4

which can be obtained similarly to the outer bound for the
3-user SISO IC of [8] using the results of [9]. For M/N < 1,
the proposed transmission scheme utilizes all receive antennas,
which leads to the larger number of transmitted data symbols
as compared to the transmission scheme proposed for the
region of 31/32 < M/N < 18/13 in [7]. For M/N < 4/5,
the performance of the proposed scheme decreases with M /N
due to the requirement of (3), which limits the number of data
symbols transmitted in phase 1.

M/N

Fig. 2. Number of DoF for 3-user MIMO IC with delayed CSIT

IV. CONCLUSIONS

For the three-user MIMO IC under the delayed CSIT setting
where each transmitter has M antennas and each receiver has
N antennas, new results on the achievable number of DoF in
the region of 3/4 < M/N < 1 were obtained. The results are
based on a three-phase transmission scheme, which compared
to the previous approaches uses available transmit and receive
antennas in a more effective way.
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