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ABSTRACT

In this paper, the performance of an adaptive multi-user OFDM
system with imperfect channel knowledge at the transmitter
is investigated, where the ergodic capacity is taken as perfor-
mance criterion. This performance is then compared to the
performance achievable with the use of diversity, where no
channel knowledge at the transmitter is required. For that rea-
son, different models of imperfect channel knowledge are in-
troduced: noisy, outdated and quantised channel knowledge,
where we provide an analytical derivation of the ergodic ca-
pacity for the combinations of the different models. By means
of the ergodic capacity it is shown to which grade of channel
knowledge imperfectness the use of adaptive subcarrier alloca-
tion with imperfect channel knowledge is still better than the
use of diversity.

I. I NTRODUCTION

OFDMA is considered to be a suitable candidate for future ra-
dio network systems where high data rates are required. It is ap-
plicable in multi-user systems and can be combined with Mul-
tiple Input Multiple Output (MIMO) techniques [1] [2]. With
a multicarrier scheme like OFDMA, the overall channel can be
divided in several resources in the frequency domain which can
be combined with a division in the time and space dimension.
The aim of a multi-user system is to find an optimal allocation
of the resources to the different users. Here, the quality of the
resources of the different users and the interference between the
different users have to be known at the transmitter. Having per-
fect channel knowledge at the transmitter, adaptive subchannel
allocation schemes achieve very good performances [3] [4] [5].
However, in a realistic scenario perfect channel knowledge is
not available at the transmitter and thereby, the performance of
adaptive schemes that requires channel knowledge at the trans-
mitter decreases. The use of diversity is an alternative way
to achieve performance enhancements without channel knowl-
edge at the transmitter. Applying frequency hopping [6] or
applying a DFT-precoding of the data [7] together with inter-
leaved carrier allocation are examples for techniques to exploit
frequency diversity in a OFDMA system. In a frequency se-
lective channel, diversity techniques lead to an averaging over
strongly and weakly attenuated frequencies which results in a
performance averaging. Due to the fact that in a realistic sce-
nario only imperfect channel knowledge is achievable with ac-
ceptable effort, a comparison between adaptivity with imper-
fect channel knowledge and diversity has to be made.
In [8] a first comparison between adaptivity and diversity is

presented where in a MIMO system space-time coding is com-
pared to adaptive bit- and power loading for single connections.
With perfect channel knowledge, the adaptive scheme showed
the better performance as expected. In [9], an application of
special orthogonal space-time-block codes with partial channel
knowledge is analysed. In [10], combinations of spatial and
frequency based diversity techniques for a multiuser scenario
with limited feedback are discussed.
In this paper, we analytically derive the performance in terms
of ergodic capacity for a multiuser SISO-OFDM system with
adaptive subcarrier allocation under the assumption of imper-
fect channel knowledge. As channel knowledge we employ the
instantaneous SNR of the different subcarriers, which are as-
sumed to be measured at the BS in case of a TDD system or fed
back over a feedback channel in case of a FDD system. For the
imperfect channel knowledge we introduce different models:
noisy, outdated and quantised channel knowledge and further-
more their combinations. The capacity achievable with adap-
tive subcarrier allocation with imperfect channel knowledge at
the transmitter is compared to the capacity achievable by ex-
ploiting frequency diversity without any channel knowledge at
the transmitter. The aim is to find a bound where adaptivity
with imperfect channel knowledge is still better than diversity.
The paper is organised as follows. Section II describes the sys-
tem model. The considered adaptive subcarrier allocation is
given in Section III, where Section IV presents the different
models for imperfect channel knowledge. In Section V the er-
godic capacity is analytically derived for the case of adaptive
subcarrier allocation with imperfect channel knowledge. Sec-
tion VI provides the analytical derivation of the ergodic capac-
ity using frequency diversity. In Section VII the capacity using
adaptive subcarrier allocation with imperfect channel knowl-
edge is presented and compared to the capacity achievable with
diversity techniques. Finally, conclusions are drawn in Section
VIII.

II. SYSTEM MODEL

In this paper, we consider a one cell OFDMA downlink sce-
nario with one base station (BS) andU mobile stations (MS)
with user indexu = 1, · · · , U , where is it assumed that each
user has the same requirements in terms of data rate. The num-
ber of subcarriers isN with subcarrier indexn = 1, · · · , N .
Furthermore, we assume perfect time and frequency synchroni-
sation. It is assumed that real and imaginary part of the channel
transfer factorHu(n, k) of each useru at each subcarrier with
indexn at each time-slot indexk ∈ N can be modelled by an
independent identically Gaussian distributed process with zero
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mean and variance one half. Assuming perfect power control
leading to an average SNR̄γ for all users, the instantaneous
SNRγu(n, k) of useru of subcarrier with indexn of time-slot
k is given by

γu(n, k) = γ̂ · |Hu(n, k)|2 . (1)

III. A DAPTIVE SUBCARRIER ALLOCATION

In order to be able to benefit from multi-user diversity [11]
[12], the scheduler at the BS needs to have channel knowledge,
in our consideration an estimatêγu(n, k) of the instantaneous
SNR γu(n, k) of then-th subcarrier of useru at time-slotk,
which is measured at the BS (FDD) or fed back over an feed-
back channel from the MS to the BS (TDD). Throughout this
paper we apply a Max-SNR Scheduler that favours the users
with the best SNR conditions. From this it follows that one
subcarrier is allocated to only one user exclusively. Hence, in
time-slotk the subcarriern is allocated to the useru with the
highest instantaneous SNRγu(n, k):

γumax(n, k) = (2)

arg max
u
{γ1(n, k), · · · , γu(n, k), · · · , γU (n, k)} .

Since each user experience the same average SNRγ̄, the prob-
ability Pa that a subcarrier is assigned to a user is equal for all
users and given byPa = 1

U .

IV. M ODELS FOR IMPERFECT CHANNEL KNOWLEDGE

In this section, two models for imperfect channel knowledge
are presented. First, noisy and outdated channel knowledge
and second quantised channel knowledge are considered.

A. Noisy and outdated channel knowledge

In a realistic scenario, the measurement of the channel is not
perfect, i.e. the measured channel is only a erroneous estimate
of the actual channel. It is assumed that this estimation error
can be modelled by an additive complex Gaussian error term
eu with varianceσ2

eu . The second source of error is the time
delay, i.e., there is always a time delay between the instant of
SNR measuring and the actual instant of transmission of the
data to the scheduled users. From this it follows that the chan-
nel knowledge available at the transmitter is outdated. This
can be modelled by correlation, i.e. the measured channel and
the actual channel are two realisations of one complex Gaus-
sian process with correlation coefficientρu. Assuming a Jakes’

scattering model,ρu = J0

(
2πvu f0

c T
)

, wherevu denotes the

velocity of useru, f0 the carrier frequency andT the delay
time. For simplicity, we assume thatρu = ρ andσ2

eu = σ2
e for

each useru . Since the following considerations are valid for
each subcarriern of useru at each timeslotk, the indices can
be skipped. Now, the measured channel can be modelled by

Ĥ = H̃ + e (3)

whereH̃ denotes the channel correlated to the actual channel
H with correlation coefficientρ ande the complex Gaussian

distributed error term with varianceσ2
e . In order to describe the

relationship between the signalled channelĤ and the actual
channelH, the conditional probability density function (PDF)
pH|Ĥ(H|Ĥ) has to be determined. It can be shown that the
conditional PDF is given by

pH|Ĥ(H|Ĥ) =
1

√
2π
√

1−ρ2+σ2
e

1+σ2
e

(4)

× exp


−

(
H − ρ

1+σ2
e
Ĥ
)2

2
(

1−ρ2+σ2
e

1+σ2
e

)


 .

It can be seen thatH|Ĥ is a complex Gaussian distributed
random variable with meanµ = ρ

1+σ2
e
Ĥ and varianceσ2 =

1−ρ2+σ2
e

1+σ2
e

. Since not the complex channel transfer factors are
measured, but the received SNRγ̂ it is essential to determine
the conditional PDFpγ|γ̂(γ|γ̂). It can be shown thatγ|γ̂ is a
noncentral chi-square random variable with 2 degrees of free-
dom. With [13, p. 43] the conditional PDF is determined by

pγ|γ̂(γ|γ̂) = 1+σ2
e

γ̄(1−ρ2+σ2
e) · I0

(
2ρ
√
γ·γ̂

γ̄(1−ρ2+σ2
e)

)

× exp


−

ţ
ρ2

1+σ2
e
γ̂+γ(1+σ2

e)
ű

γ̄(1−ρ2+σ2
e)


 , (5)

whereI0(x) denotes the0th-order modified Bessel function of
the first kind.

B. Quantised channel knowledge

In order to decrease the feedback in case of a FDD system,
the SNR values of each subcarriern of each useru in each
time-slotk are quantised in quantisation intervals withW =
2NQ + 1 quantisation boundssq with q = 0, · · · ,W where
s0 = 0, sW = ∞ andNQ the number of quantisation bits per
subcarrier. The feedback is then digitised before transmission.
Using the indices once again, the channel knowledge available
at the BS of subcarriern of useru at time-slotk is given by

γ̂u(n, k) = Q{γu(n, k)} (6)

whereQ{x} denotes the quantisation operation. If we combine
quantised channel knowledge with noisy and outdated chan-
nel knowledge referred to as outdated noisy quantised channel
knowledge, the conditional PDF is also determined by (5).

V. ERGODIC CAPACITY USING ADAPTIVE SUBCARRIER

ALLOCATION

In this section, we provide an analytical derivation of the er-
godic capacity per scheduled subcarrier for the case of noisy
and outdated channel knowledge and outdated noisy quantised
channel knowledge.

A. Ergodic capacity

The ergodic capacity of a scheduled subcarrier is determined
by

C̄ =
∫ ∞

0

log2 (1 + γ) · pγ(γ)dγ (7)
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wherepγ(γ) denotes the PDF of the actual SNRγ of the sched-
uled subcarrier, which is calculated by

pγ(γ) =
∫ ∞

0

pγ|γ̂(γ|γ̂) · pγ̂(γ̂)dγ̂. (8)

B. Noisy and outdated channel knowledge

In case of noisy and outdated channel knowledge using a Max-
SNR Scheduler, the PDFpγ̂(γ̂) of the selected SNR̂γ of a
subcarrier is the same for all subcarriersN for all usersU and
obtained using order statistics [14] by

pγ̂(γ̂) = U
E{γ̂}

(
1− exp

(
γ̂

E{γ̂}
))U−1

(9)

= U
E{γ̂}

U−1∑
i=0

(
U − 1
i

)
(−1)i exp

(
− γ̂(i+1)

E{γ̂}
)

whereE{γ̂} denotes the expectation value of the measured
SNR γ̂ of a subcarrier and is given byE{γ̂} = γ̄

(
1 + σ2

e

)
.

Inserting (9) and (5) in (8) and using the identities [15, Eq.
6.643.4] [15, Eq. 8.406.3] and [15, Eq. 8.970.1] the PDF ofγ
is given by

pγ(γ) = U

U−1∑

i=0

(
U − 1
i

)
(−1)i (10)

× 1 + σ2
e

γ̄ (ρ2 + (i+ 1) (σ2
e + 1− ρ2))

× exp
(

1 + σ2
e

γ̄ (ρ2 + (i+ 1) (σ2
e + 1− ρ2))

)
.

Inserting (10) in (7) and using the identity [15, Eq. 4.337.2],
the ergodic capacity per scheduled subcarrier is determined by

C̄ =
U

ln(2)

U−1∑

i=0

(
U − 1
i

)
(−1)i

1
i+ 1

(11)

× exp

(
(i+ 1)

(
1 + σ2

e

)

γ̄ (ρ2 + (i+ 1) (σ2
e + 1− ρ2))

)

× E1

(
(i+ 1)

(
1 + σ2

e

)

γ̄ (ρ2 + (i+ 1) (σ2
e + 1− ρ2))

)
.

as a function of the numberU of users, the correlation coeffi-
cient ρ, the error varianceσ2

e and the average SNR̄γ, where
E1 is standing for the first order exponential integral function(
E1(x) =

∫∞
x

exp(−t)
t dt

)
. By settingσ2

e = 0 and ρ = 1
in (12) one obtains the ergodic capacity for perfect channel
knowledge

C̄per =
U

ln(2)

U−1∑

i=0

(
U − 1
i

)
(−1)i (12)

× 1
i+ 1

exp
(
i+ 1
γ̄

)
E1

(
i+ 1
γ̄

)
.

In the worst case of no channel knowledge (ρ = 0 orσ2
e →∞),

i.e. the measured channel is either completely uncorrelated to

the actual channel or completely false, the ergodic capacity is
given by

C̄wc =
1

ln(2)
exp

(
1
γ̄

)
E1

(
1
γ̄

)
. (13)

This capacity corresponds to the case where the subcarrier are
randomly allocated to the user. Depending on the grade of
channel knowledge imperfectness (ρ, σ2

e ), the ergodic capacity
lies between these two capacitiesC̄per andC̄wc which corre-
sponds to the results obtained in [16].

C. Outdated noisy quantised channel knowledge

In a realistic scenario, the signalled SNR values are outdated.
Furthermore, the SNR values available at the MS are SNR esti-
mates. Hence, the quantisation decision is based on erroneous
channel estimates. Thus, there are three effects leading to per-
formance degradation. First, the SNR values are already out-
dated at the time instant of transmission. Second, the SNR
value is quantised in the wrong quantisation interval due to the
erroneous SNR estimate. And finally, due to the quantisation,
the BS can not distinguish between users with the same quanti-
sation value, i.e. the scheduler has to choose randomly. There-
fore, the PDF of the selected SNR̂γ is given by

pγ̂(γ̂) =
1

E{γ̂} exp
(
− γ̂

E{γ̂}
)
. (14)

The PDF of the actual selected SNRγ is calculated according
to

pγ(γ) =
W∑

i=1

p(i)
γ (γ) (15)

=
W∑

i=1

∫ si

si−1

ai · pγ|γ̂(γ|γ̂) · pγ̂(γ̂)dγ̂,

whereai is a factor to ensure that

∫∞
0
p

(i)
γ (γ)dγ = (16)

(
1− exp

(
− si
E{γ̂}

))U
−
(

1− exp
(
− si−1
E{γ̂}

))U
.

The expression on the right side of (16) corresponds to the
probability that a measured SNR valueγ̂ lies in the quantisa-
tion interval [si−1,si]. Inserting (14) and (5) in (15) and using
(16) leads to

ai =

(
1− exp

(
− si
E{γ̂}

))U
−
(

1− exp
(
− si−1
E{γ̂}

))U

exp
(
− si−1
E{γ̂}

)
− exp

(
− si
E{γ̂}

) .

(17)
In order to determine the ergodic capacity for outdated noisy
quantised channel knowledge, we insert (15) in (7) which re-
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sults in

C̄ =
W∑

i=1

ai

∫ ∞
0

log2(1 + γ) · 1
γ̄ (1 + σ2

e)
(18)

×
∫ si

si−1

1 + σ2
e

γ̄ (1− ρ2 + σ2
e)

exp
(
− γ̂

γ̄ (1 + σ2
e)

)

× exp


−

(
ρ2

1+σ2
e
γ̂ + γ

(
1 + σ2

e

))

γ̄ (1− ρ2 + σ2
e)




× I0

(
2ρ
√
γ · γ̂

γ̄ (1− ρ2 + σ2
e)

)
dγ̂ dγ.

For the case of perfect quantised channel knowledge (σ2
e = 0

andρ = 1) the double integral in (18) can be solved resulting
in

C̄ =
1

ln(2)

W∑

i=1

ai

[
exp

(
1
γ̄

)(
E1

(
si−1 + 1

γ̄

)

− E1

(
si + 1
γ̄

))
exp

(
−si−1

γ̄

)
(19)

× ln(1 + si−1)− exp
(
−si
γ̄

)
ln(1 + si)

]
.

VI. ERGODIC CAPACITY USING DIVERSITY

In contrast to adaptive subcarrier allocation, the use of diver-
sity techniques does not require any channel knowledge at the
transmitter. If we assume that at each time-slotk all N subcar-
riers are allocated to a different useru, a transmission scheme
can be used to exploit frequency diversity, e.g. Interleaved
Orthogonal Frequency Division Multiple Access (IFDMA) [7]
or Multicarrier Code Division Multiple Access (MC-CDMA)
[18]. Compared to adaptive subcarrier allocation, each user
gets the same amount of channel accesses. In theory, exploita-
tion of diversity leads to an averaging over theN different sub-
carrier SNR conditions. Since we assume that adjacent subcar-
riers are independent from each other, the PDF of the resulting
average SNRγ overN subcarriers is a chi-square distribution
with 2N degrees of freedom [13, p. 41] and given by

pγ(γ) =
(
N

γ̄

)N
γN−1

(N − 1)!
exp

(
−γN

γ̄

)
. (20)

Inserting (20) in (7) and using the identity [15, Eq. 3.381.3] the
ergodic capacity per scheduled subcarrier is determined by

C̄D =
1

ln(2)
exp

(
N

γ̄

) N∑
m=1

Γ
(
m−N, Nγ̄

)

(
N
γ̄

)m−N , (21)

with Γ(α, x) the incomplete gamma function, which corre-
sponds to the result given in [17].

VII. C OMPARISON

In this section we illustrate the achievable capacity of adaptive
subcarrier allocation with imperfect channel knowledge. We

assume an OFDM system withN = 8 subcarriers andU = 10
users, where each user has an average SNR ofγ̄ = 10 dB. Fur-
thermore, we compare the achievable capacity with imperfect
channel knowledge to the capacity using diversity techniques
without channel knowledge at the transmitter. In Fig. 1 we de-
pict the ergodic capacity per scheduled subcarrier as a function
of the error varianceσ2

e in dB and the correlation coefficient
ρ. The capacity is represented in terms of gray values. As one
can see, for a small error variance and a high correlation, good
capacity performances are achievable. By decreasing the cor-
relation coefficient and increasing the error variance, the per-
formance decreases. The lowest capacity value corresponds
to the capacity one achieves by randomly allocating the sub-
carriers to the different users. It can be seen that for an error
varianceσ2

e < −5 dB, the capacity only depends on the corre-
lation coefficientρ. The white line represents the capacity one
achieves using diversity techniques without using any channel
knowledge at the transmitter side, in this example the achiev-
able capacity using frequency diversity isCD = 3.38 bits/s/Hz.
Hence, in the region above this diversity line, the achievable ca-
pacity with imperfect channel knowledge is still better than the
capacity using diversity. ForU = 10 users, adaptivity with im-
perfect channel knowledge outperforms diversity in the region
ρ > 0.5 andσ2

e < −5 dB. For a carrier frequency off0 = 2
GHz and an assumed time delay ofT = 2 ms,ρ = 0.5 corre-
sponds to a MS velocity ofvMS = 33 km/h. Fig. 2 shows the
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Figure 1: Ergodic capacity

capacity in case of outdated noisy quantised channel knowl-
edge withNQ = 3 quantisation bits, where the quantisation
intervalssi are set to maximise the ergodic capacity with per-
fect quantised channel knowledge given by (19). Compared to
Fig. 1, the region where adaptivity outperforms diversity di-
minishes. If we decrease the number of quantisation bits to
NQ = 2, cf. Fig. 3, andNQ = 1, cf. Fig. 4, the region further
decreases and also the achievable capacity values. However in
the regionρ > 0.5 andσ2

e < −5 dB alreadyNQ = 3 quantisa-
tion bits are sufficient to achieve a good capacity performance.
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Figure 2: Ergodic capacity in case ofNQ = 3 quantisation bits
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Figure 3: Ergodic capacity in case ofNQ = 2 quantisation bits

VIII. C ONCLUSIONS

We have derived analytical expressions for the ergodic capacity
in case of noisy and outdated channel knowledge and outdated
noisy quantised channel knowledge. By comparing the achiev-
able capacity using adaptive subcarrier allocation with imper-
fect channel knowledge with the capacity achievable exploiting
frequency diversity, we showed that in the regionρ > 0.5 and
σ2
e < −5 dB, adaptivity with imperfect channel knowledge is

still better than diversity, even with quantised feedback. How-
ever, this consideration does not take into the account the effort
in terms of capacity we have to spend in order to feed back the
channel information in case of a FDD system, which will be
the task for future work together with the consideration of a
MIMO scenario.
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